An extremal problem in hypergraph coloring  by Sterboul, F
JOURNAL OF COMBINATORIAL THEORY (B) 22, 159-164 (1977) 
An Extremal Problem in Hypergraph Coloring 
F. STERBOUL 
Unit’evsity Paris VI, Paris, France 
Communicated by C. Bege 
Received March 12, 1975 
F(n, Y, k) is defined to be the minimum number of edges in an r graph on r’z 
vertices in which there exists a strongly colored edge in every equipartite k- 
coloring. Approximate values are given for this function in the general case, 
and the problem is solved in the particular case of graphs. 
We consider r-uniform hypergraphs (r graphs): M = (X, a), where X is 
the set of vertices, 8 is the set of edges, and d C PT(X). (It is not required 
that X be covered by the union of the edges; thus, isolated vertices are 
allowed.) 
A k coloGg of H is a partition (X1 ,..., X,) of X. An epipavtite k colori:lg 
of H is a partition such that 
j Xi 1 - i Xi 1 < 1 (i = 1, 2 )..., k;j = 1, 2,..., ic). 
For a given k coloring, a subset B of A’ is said to be strongly cokoped if 
j B n Xi j < 1 (i = 1, 2 ,..., k). 
Let H(lz, r, k) be the set of all the Y graphs N such that 1 X j = IZ and, for 
every equipartite k coloring of H, there exists at least one strongly colored 
edge of I-i. Let F(n, r, k) be the minimum number of edges of an Y graph in 
N(n, r, k). 
The problem is to find the value of F(n, I’, k). This problem is related to 
three previously studied coloring problems: 
(1) If “equipartite k coloring” is replaced by “k coloring” in the 
definition above, we obtain a problem studied in [9, IO]. 
(2) If “strongly colored” is replaced by “‘unicolored,” we obtain a 
problem studied in [ 11. 
(3) If both replacements are made, we obtain a well-known problem 
of Erdos and Hajnal [5], studied in [2-4, 6, 71. Obviously, we take n 3 k b 
r 3 2. IX]* denotes the smallest integer larger than or equal to x. 
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1. THE CASE r = 2 
The elements of H(n, 2, k) are graphs, such that for any equipartite k 
coloring there exists at least one strongly colored edge. A graph in U(p1, 2, k) 
is said to be extremal if it has exactly F(n, 2, k) edges. 
This is actually an arithmetical problem. Indeed, let c1 ,..., c, be the 
numbers of vertices of the connected components of a graph G of order n. 
Then G E H(n, 2, k) is equivalent to the following statement: There does not 
exist a partition (Y, , Y, ,..., Y,) of the set (1,2,..., p> such that 
,z, cj = [n/k] or [n/k]* (i = 1, 2 ,..., k). (A) 
z 
Hence the extremal graphs are forests (their components are trees or isolated 
vertices). Moreover, F(n, 2, ‘k) is equal to N - p, wherep is the largest integer 
such that there exist positive integers c1 ,..., c, satisfying 
but there exists no partition (Y, ,..., Y,) of the set (1, 2,...,p) satisfying (A). 
Note that if an integer satisfies this condition then all smaller integers satisfy 
it too. Hencep may also be defined as the smallest integer such that 
(cl ,..., c,+~ positive integers) 
implies that there exists a partition (Y&..., Yk) of{l, 2,...,p + l> satisfying (A). 
THEOREM 1. F(n, 2, k) = [n/k]*. 
Proof. It is easily seen that if 
cl = blkl” + 1, c2 zzz *** = G-Edkl* = 1, then G E H(n, 2, k). 
Hence, p > n - [n/k]* (p defined as above). 
Hence, it remains to be proved, by induction on n, that the reverse inequal- 
ity is true. The case n = k is immediate; we assume the result true up to the 
valuen- 1. 
First case. n=ks+t,2<t<k. 
Then [n/k]* = [(n - 1)/k]* = s + 1. Let us assume that Cyr;’ ci = n. 
At least one of the cos, for example c1 , is equal to 1. 
Then xT:l ci = n - 1. By the induction hypothesis, there exists a partition 
(2, ,..., 2,) of the set (2, 3 ,..., yz - S> such that Cjsz, cj = s or s + 1. There 
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exists an index i. such that the sum on ZiO is s. Then the required partition of 
the set(1, 2,..., 72 - s] is (Z, , Z, ,..., Zfo u (I),...: Z,). 
Second case. n = ks + 1. 
Then [n/k]* = s t 1, [n/k] = [(n - 1)/k]* = [(n - 1)/k] = s. Let us 
assume that CFIi ci = n. At least one of the ci’s, for example cI , is greater 
than 1. 
Then, (cl - 1) + CTzl ci = n - 1. By the induction hypothesis, there 
exists a partition (Z, ,..., Z,) of the set (1, 2,..., YE - s) such that CjEZi cj’ = s 
(i = I,..., k): with cl’ = cl - 1, ~9’ = cj (/ = 2,..., YZ - s)~ Hence, CjEzi ci = s 
or s -j- I (i = I,..., n - s), as required. 
From the above remark, the extremal graphs G are forests. Let c1 3 *.v > 
cD be the orders of the components of G, withp = n - [v?/k]+. 
(a) c1 = [n/k]* + 1, c2 = **. = c, = 1; 
(b) ~z=k+134,p=n--,c,=c,=2,c,=~~.=c,=I; 
(c) k=2,n=2p,podd,c,=...=cP=2. 
Punof. The theorem is proved by induction on n, the case n = k being 
immediate. Let G be an extremal graph and cI ,..., c, defined as above, with 
p = n - [n/k]*. 
First case. n = ks + t, 2 < t < k. 
If ci 3 2 for every i, then n = ks + t = z ci 3 2(n - s - 1); n = 
2(s + “I), p = s + 1, k = 2, t = 2, ci = 2 (i = I,..., p). Since G E H(n, 2, k), 
p is odd and G has structure (c). 
Hence, we can assume now that c, = 1,. Let .x~ be the isolated vertex 
associated with c, , and 6’ the graph obtained from G by deleting x0 . Then 
6’ E H(n - 1,2, k) and G’ is extremal. By the induction hypothesis, G’ has 
structure (a) or (b), (c) being impossible in this case. If G’ had structure (b), 
G would not belong to H(n, 2, k). Hence, G has structure (a). 
Second case. n = ks + 1. 
We have c1 > 1. Let x0 be a vertex of degree 1 in the component of G 
associated with c1 ) and G’ the graph obtained from G be deleting x0 . We 
have G’ E H(n - 1, 2, k) and G’ is extremai. By the induction hypothesis, 
6’ has structure (a) or(c), (b) being impossible in this case. Since G E N(n, 2, k), 
G’ cannot have structure (c). Hence G has structure (a), or structure (bj 
(if s = I). 
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2. THE CASE r > 2 
It will be proved that there exist two functions c and d of the variables I” 
and k such that 
C(T, k)n < F(n, r, k) < d(r, k)n. 
Let n = ks + t, with 0 < t < k. If HE H(n, Y, k), then the edges of H 
must cover at least (r - 1)s + min(r, t + 1) vertices. Hence P(n, r, k) > 
(r - l)n(kr)-l + 1. 
Hence, we may take c(r, k) = (r - I)(kr)-I. However, since the property 
used is not deep, this is not a very good bound. 
THEOREM 3. 
F(kp, r, W < (lw((kpYlWWN (--log (1 - ((5) P~/(~))))-~. 
Proof. This is a now classical method (see [S]). 
An r-graph is constructed edge by edge as follows. Suppose that, at the 
jth step of the construction, one has j edges, and that the number of k 
colorings for which no edge is strongly colored is equal to Uj . By the pigeon- 
hole principle, there exists an r-subset E such that E is strongly colored in 
z+(F) p’(F)-’ of the uj considered colorings. Hence, by taking E as a new edge, 
ZIP+, < u,(l - (:)p’(:)-I). Since u3 = (kp)!(k!(p!)“)-I, if j is equal to the 
bound above then uj < 1, and the r graph belongs to H(n, r, k). 
Remark. The same method may be used if n is not a multiple of k. 
Hence, by Stirling’s formula, we get an asymptotic bound: 
COROLLARY. 
F(n, r, k) < (n log k/(-log (1 - (’ - ‘) “‘E-T (’ - ‘)))I) + o(n), 
which gives a value for d(r, k). (O(n) denotes some function g(rz, r, k) such that 
g(n, r, k)/n tends to zero when n tends to infinity, r and k beingfixed.) 
The lower bound for F(n, r, k) will now be improved in the special case 
k = r. 
THEOREM 4. 
F(rp, r, r) 3 (yTl’) (p’p3(2p - I))-l. 
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Proc$ Let N = (X, 8) E H(rp, P, Y). Let A, ,..., A, be the p subsets of X 
(4 = (Y)). Let 8 = (I.$ )...) Em). Let (Ai, E:j> = 1 if ~ Ai i7 Ej j = 1, and 
otherwise ,!,A, , Ej) = 0. For a given Ai , let Bi = (E j E E 8, <Ai ) Ej = 11. 
Let .q: ={F/F=En(X-AA,),EE&- J. Let Hi be the (r. - 1) graph 
Hi = (X - Ai , Pi). Then, H, E H(rp - p, Y - 1, I’ - i), and .b, E 
I.& >F((r- l)p,r- l,v- 1). Hence 
Hence Flrp, r, r) 3 (‘,“)(r(yG’))-‘F((r - l)p, r - 1, I” ~ i), and the result 
follows by induction on r. 
From Theorems 3 and 4, asymptotic bounds are deduced (I” fixed): 
We consider now the function F(kp, r, k),p and r being fixed, and k variable. 
It wilt be proved that M(r,p) = Maxka,I$Q, i, k) is finite. 
THEOREM 5. F(kp, r, k) < pr-l. 
Proof, Let X be a finite set with j X 1 = kp. Let x0 E X2 P C X, x0 $ I’? 
1 Y1 = (r - 1)~. Let (A, ,..., A,-,) be an equipartite (i. - I) partition of Y. 
Let 
S = {FI FC Y, jFn Aj / = 1 (j = I,..., P -- 1)). 
Let 8 = (E j E = F U {x,}, FE .9). It will be proved that the P graph 
H : (X, 8) belongs to H(kp, r, k), hence F(kp, Y, k) < j d 1 = P~-~. 
Let (Bl ?..., &) be an equipartite k coloring of H. The indices are taken 
such that x0 E 23, . 
Let Aj’ = A, - B, . Then, Aj’ # @ (j = I,..., r - I). For any JC 
0 ,..~, r - 11, the number of Bi’s meeting lJjEJ A,’ is greater than or equsi 
to J I. If this were not true, then 
Hence, by the Konig-Hall theorem, there exist pairwise distinct indices 
. . 
I1 , 12 )...) z,.-1 such that A,’ n Bij + D (,j = I ,..., 7 - 1). Taking xj E 
Aj’ n Bij (j = I,..., I’ - l), then (x0, .yI ,..., x,-~) is a strongly colored edge 
of H. 
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Remark. Theorem 5 is better than Theorem 3 for large values of k, P and 
p being fixed; but the reverse statement is true for large values of k = r, 
p being fixed (p > 2). 
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